Abstract. We consider continuous operators T S + in Banach spaces, where S is Fredholm and T is quasinuclear. By referring to the basic result of the Fredholm theory, i.e. to the expression of the resolvent ( )
Introduction
The classical Fredholm theory [1] is concerned with the problem of solving the . The theory has been extended by many authors, first by Riesz, Hilbert and Carleman, to square-integrable kernels. Grothendieck [2] and Ruston [3] have generalized the theory to nuclear operators in Banach spaces, Leżański [4] , Sikorski [5] [6] [7] and Buraczewski [8, 9] to quasinuclear operators in Banach spaces. Later papers of Pietsch [10, 11] and nig o K ɺ ɺ [12] dealt with absolutely 2-summing operators and absolutely p-summing operators ( 2 > p ) in Banach spaces, respectively. The further important contributions were made by Gohberg, Goldberg and Krupnik [13] [14] [15] for operators acting in Banach spaces and belonging to normed algebras with the approximation property.
The analytic formulas for determinants and subdeterminants for endomorphisms T I + of [ ] b a C , , where T is integral, were first given by Plemelj [16] in 1904. A modification of these formulas was made by Carleman [17] and Smithies [18, 19] to make them applicable to endomorphisms T belonging to the Hilbert-Schmidt class of a separable Hilbert space. The later results were obtained by Sikorski and Buraczewski in arbitrary Banach spaces. Sikorski [7] derived Plemelj--Smithies formulas for Fredholm endomorphisms T I + , T being quasinuclear. Buraczewski [8] generalized these formulas in the case of endomorphisms T S + , where S is any fixed Fredholm endomorphism of order zero with its given determinant system and T is any quasinuclear endomorphism. The further generalization of the Plemelj-Smithies formulas in Banach spaces was made by Ciecierska [20] for operators T S + , S being a fixed Fredholm operator with its given determinant system and T being quasinuclear.
In the paper the Plemelj-Smithies formulas are used to provide generalized inverses of any quasinuclear perturbation of a fixed Fredholm operator acting in Banach spaces. By applying the results of the theory of determinant systems [7] [8] [9] 21] , we derive formulas which generalize the basic result of the Fredholm theory, i.e. the expression of the resolvent ( ) ( )
; of entire functions of C ∈ λ . We refer to the result and express generalized inverses of any operator T S + of order r , S being a fixed Fredholm operator with its given determinant system ( )
and T being a quasinuclear operator determined by a quasinucleus F , as quotients ( ) ( ) 
are entire functions, coefficients of which can be expressed by terms of a determinant system for T S + .
Preliminaries
We begin by recalling the terminology used in the theory of determinant systems. The notation is adopted from papers [5-9, 20, 21] .
of conjugate linear spaces over the same real or complex field K, we consider multilinear functionals on
denotes its value at a point ( ) 
, , 
fulfilling the conditions:
, where
the following identities hold for 
where 
is said to be a quasinucleus on
. The set of all quasinuclei on ( )
is said to be the trace of ( ) 
The value of F at the operator is denoted by
and then repeat the above procedure to define
. We iterate the procedure k -times, 
We also use the symbol k F to denote the modified k -th power of F, i.e.
Plemelj-Smithies formulas
In this section we quote the basic results concerning the Plemelj-Smithies formulas, which are necessary for the proof of the main theorem of the paper.
Consider a continuous kernel
and the induced Fredholm operator
. In the classical Fredholm determinant theory the equation
is the resolvent of the operator T , i.e. ( ) ( )
is not an eigenvalue of T . The basic result of the theory is to write the resolvent operator ( )
of entire functions of C ∈ λ . Plemelj [16] wrote explicitly d and D in (1) in terms of their power series
where k d are complex valued coefficients and k D are operator valued coefficients:
and
Sikorski [7] generalized previous expressions for quantities ( ) 
We recall that:
and that
is a determinant system for ( )
Sikorski expressed the coefficients of the analytic functions (7) by determinants involving traces of 
be a complete system of solutions of the homogenous equation
, which determines the quasinuclear operator ( )
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Then the sequence
is a determinant system for T S + and the Plemelj-Smithies formulas are of the analogous form as (8) and (9), where k n T denotes the ( )
by the formula
the summation being extended over all finite sequences of non-negative integers
Ciecierska [20] obtained the further generalization of the above result and derived the Plemelj-Smithies formulas for any operator 
n n r n n r n n r n n r n n r n n n n r n n r 
The main result
In this section we describe generalized inverses of a quasinuclear perturbation of a fixed Fredholm operator acting in Banach spaces. As a tool of the description we use terms of a determinant system for the mentioned perturbation. We begin with the following consequence of the main result of [20] .
is a determinant system for a Fredholm operator
where ( )
0,0 0, T being defined by (17) , is a determinant system for
Now we are in a position to describe a generalized inverse of a quasinuclear perturbation of a fixed Fredholm operator. Theorem 3.2. We assume that:
defined by (18) - (20); Proof. Since
, there are ele- 
Furthermore, it follows from (23) and from a bi-skew symmetry of ( ) Similarly, bearing in mind that
, in view of (24), (d4), we obtain ( ) ( ) ( )
, , Replacing ξ by ( ) S T ω + in (22) and then applying (d4) for n r′ = , in view of a bi-skew symmetry of ( )
, we obtain 
Conclusions
In the paper quasinuclear perturbations of Fredholm operators in Banach spaces were considered. By applying the Plemelj-Smithies formulas, we described terms of determinant systems for the mentioned perturbations. Moreover, we expressed generalized inverses of such perturbations as quotients of entire functions. The obtained result, in the case of the invertible perturbation, leads to the well-known expression of the resolvent operator in the classical Fredholm theory.
